INTRODUCTION
IN most selection experiments the only curve fitting necessary is the fitting of a straight line to estimate the average rate of response in the first few generations. Occasionally, however, the need to fit other curves does arise. Thus Dempster et al. (1952) , Yamada et at. (r 958) and Rahnefeld et at. (1963) all fitted polynomial curves to generation means. The present discussion arose from an attempt to estimate limits to which generation means were tending in lines of Drosophila melanogoster selected for abdominal bristle number by McBride and Robertson (1963) .
Quadratic curves fitted by least squares using orthogonal polynomials reached their maxima a few generations before selection was discontinued, suggesting that response to selection had ceased and a decline had begun. A similar result was obtained by Yamada et al. (1958) . However, the Drosophila data strongly indicated that response had been continuing, and this drew attention to the fact that polynomial curves were not appropriate for the purpose.
Two theories of selection limits for traits controlled by additive genes (Robertson, 1960; James, 1962) have led to selection response curves of the form y=c+fpx () wherey is the generation mean, x the number of generations of selection, and at, fi, p are parameters of the curve. These parameters have different interpretations in the two theories, but since this exponential regression curve describes a progressive decline in rate of response as a limit is approached, it may be more appropriate than polynomial curves for fitting to selection responses, regardless of the validity of either theory.
It was therefore decided to compare the exponential regression with a parabola (which also has three adjustable parameters) as a description of selection responses in experiments on different organisms. These comparisons are the subject of this paper.
SOURCES OF DATA
The data for the four comparisons made were obtained from the following sources:
(i) The line of mice selected for large body size by Falconer (r).
The generation means were read from his fig. i, probably with some inaccuracy. Generation i was taken as a base generation because of the change in selection procedure which was made at this point. (ii) The line of hens selected for increased shank length by Lerner and Dempster (1951) line have been used, as by Lerner and Dempster (1951) . In each case the first observation is taken to be at generation zero, where the population mean is zero.
CURVE FITTING
Some properties of the exponential curve (i) are worth noting. is the limit to whichy tends as x increases, while +fi is the value of y at x o, -being thus the total advance. The estimates of and fi should be of opposite sign but roughly equal in magnitude since) was set at zero for x = o. p measures the rate of decay of response, since the gain in generation x+ i is a fraction p of that in generation x. If the equation is written then y, which equalsis a time-scale factor, measuring the log p half-life of the selection process.
The parabolas were fitted by least squares using the tables of orthogonal polynomials given by Fisher and Yates The exponential regression was fitted by the least squares method of Stevens (1951) . This is an iterative method, requiring a starting value of r (estimate of p) which was obtained by autoregression (Finney, 1958) . Such estimates are biased (Patterson, 1958 ) but this was not of much consequence in these instances. Iteration was discontinued when the adjustment to r was less than oooi in absolute value. Approximate standard errors for a, b, r (estimates of , S, p) were computed from formul given by Stevens (1951 forrby_= dr r(logr)2
The comparison in any case was adjudged to favour the curve for which the sum of squares of the deviations of the observed values from the regression was the smaller.
RESULTS
In all four cases the exponential regression gave a closer fit to the observations than did the parabola. The efficiency of the parabola relative to the exponential curve, measured as a ratio of sums of squares of deviations, was in each case (I) 0985 (II) 0819 (III) o886
(IV) o662. Table 2 gives the parameter estimates for both curves and the residual sums of squares for the four experiments. Clearly the exponential curve may be substantially better than the parabola as a description of the data, the improvement being most impressive in the Drosophila data and least impressive in that of the mice.
In two experiments (shanks and bristles) the parabola gave a significantly better fit than a straight line, indicating non-linearity of response. These were also the experiments in which the exponential regression gave most improvement over the parabola. In Falconer's mouse selection there was no evidence of non-linearity. However, in the line selected for egg production, the parabola bordered on being significantly better than a straight line (oi >P>oo5). Unfortunately no exact test is known for comparing an exponential regression with a straight line. But if the improvement in fit of the exponential curve over a straight line fit is compared with the mean square for deviations from the exponential curve, F is found to be 62 while the oo5 point of F is 4.6. Though the test is not strictly valid, it does compare the three parameters of the exponential curve with the two of the straight line, and seems indicative of genuine non-linearity. It is noteworthy that in these four experiments, the better the fit of a parabola as compared to a straight line, the better is the fit of the exponential curve as compared with the parabola.
One of the most interesting points is the rate at which selection response declines. This is perhaps most easily appreciated from the half-life, the time taken to achieve half the ultimate gain. The estimates, with their ap imate standard errors, were (I) 4°4±337 (II) 257+O7I (III) 27o+IO6 (IV) 552±O4I.
The most striking point about these estimates is their smallness. For instance it would seem that the total advance is not likely to exceed twice the gain achieved in the first four or five generations. The RESPONSE TO SELECTION 6r estimates are clearly too small to be compatible with predictions from the theories of Robertson (1960) and James (1962) I for bristle number as oo4, while James (1962) similarly estimated I, for shank length as OI2. Neither theory gives predictions which agree very well with the results, though this is not surprising, since both authors point out that the predictions from their theories are of the nature of upper limits. However, although neither of the theories which led to the use of the exponential curve predicts the parameters very well, the exponential curve itself may still provide a good description of selection progress. From the practical standpoint of animal breeding one interesting possibility is that of predicting the ultimate limit of selective advance from the responses observed during the early generations. With this in mind, the exponential regression was fitted to the data for the first part of each experiment, the generations used being An early estimate in the shank length experiment would have been disastrously optimistic, predicting a total gain of more than twice that ultimately achieved. It would seem that little of value is gained by attempts at early prediction of the total advance.
DISCUSSION
This study resulted from an attempt to estimate the limits to gain from selection in a particular case, in which selection had to be discontinued before these limits were reached. Such a problem is unlikely to be of much importance in laboratory experiments. However, in selection for economic characters in domestic animals it may well be important at some time to estimate how much further progress may be expected to follow from the continuation of methods currently in use. Early prediction of such limits would seem to be unreliable, as judged from the present results, but the situation may not be so bad at the stage when rate of response has declined sufficiently to make a change in breeding methods desirable in the near future.
It seems that the exponential curve gives a better description of responses than does the parabola, especially when response is appreciably non-linear. Though this is of dubious theoretical significance, it may be of some practical interest. Thus, since the parabola fitted by Dempster et al. (1952) was not significantly better than a straight line, Lerner (1958) wrote " as a matter of fact, it is impossible to determine for the full annual record whether or not gains have been produced at a constant rate or whether they are still being obtained at all ". From the comparison of the exponential regression with a straight line for the data of this experiment (III)
there seems no doubt that responses to selection may safely be said to have decreased. Lerner's dilemma appears to have arisen from the use of an inappropriate alternative to the straight line. The use of polynomial regressions to test non-linearity of response is of doubtful value except in clear-cut cases. Negative results of such tests must be interpreted very cautiously. Though neither Robertson (1960) nor James (1962) would have expected his theory to do more than provide upper limits to total selective gains in such experiments as analysed here, it is still worth making the point that the agreement of these theories with observation is very poor. It is clear that there is still no theoretical basis for making accurate predictions of how much response may reasonably be expected to follow continued selection.
SUMMARY
Exponential and parabolic regressions were compared as descriptions of the progress of selection in four experiments. The exponential regression was consistently superior. Early prediction of selection limits was shown to be unreliable. Two theoretical models were found to give poor predictions of the progress under selection.
